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ABSTRACT

In September 2011, our engineering school has adopted the TI-Nspire CAS CX calculator (and software) for all new
students entering bachelor level. With both platforms and integrated facilities, Nspire CAS is becoming a more complete
solution than Voyage 200. Although we already started to use this new device in the classroom, we will have a transition
period where both the Tl Voyage 200 and the new CX handheld calculators can be found on the students’ desks. This talk
will demonstrate examples of how this technology is used in classrooms when teaching differential equations.

Nspire CX handheld with its faster CPU and extended graphing capabilities gives us even more options for doing math in
our classes. Starting with first order equations, the use of an Nspire-CAS calculator makes it easy for students to explore
slope fields, numerical solutions with Euler’s method or even Picard’s approximations for well behaved equations. With
Nspire, we can now see graphically how a numerical solution fits when compared to an exact solution. Consider
applications of first order ODE’s, Newton’s law of cooling for example. With Nspire, students can hook up a temperature
probe to their calculator and gather data which will then be compared to the theoretical solution.

Looking at second order equations, a CAS calculator can help in computing part of the algebraic solution. In the method of
undetermined coefficients, we still teach the classical approach but let students use their handheld to substitute the
candidate in the equation and solve the resulting system of equations. When teaching the method of variation of
parameters, we show them step by step solution (with the help of their calculator) instead of giving them a unique formula
for the solution.

For teachers, having this technology can be very useful for grading exams. One can construct a small program that will
yield step by step solution for the variation of parameters solution. If a student makes an error at the beginning (wrong
solutions for the homogeneous equation), the teacher could easily obtain what should be the remaining solution for this
student. We will demonstrate how simple it is to create such a program.

Our students must learn skills in regards to technology: this is now part of the curriculum and will be presented. In exams
or in take-home work, some problems will require the use of Nspire CAS (or Voyage 200) technology. Students should also
learn to validate manual results using these tools and understand unexpected results obtained by CAS systems. We will
present examples where the benefit of using this approach is obvious. Moreover, the majority of students will spend a lot of
energy exploring these math concepts if these tools are used. Everything is more visual and they love to play with
technology, as long as they are told which direction to follow.
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I. First order equations
Consider the differential equation % =y-(4-y) , with the initial condition y(0)=0.2.

We want to find the value of y when x = 1.

We will graph the slope field of this equation, the numerical solution (Euler method) and the exact
solution, all in the same window. Also we will approximate the solution with a polynomial, using
Picard’s iterations; we will graph Picard’s 3rd iteration.

We will also show the required value y(l) estimated by Euler method (in a table of values) and
compare it with the exact value.

The left screen' gives the slope field, and the right screen gives the slope field with the numerical
solution, by Euler, using a plot step of 0.1 :
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Again, the slope field and the numerical solution, but with a plot step of 0.01 :
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L All solutions and screens were done using TI-Nspire CAS CX, with 0.S. 3.1



Let’s now compute the exact solution; this is possible because the differential equation is a simple
(separable) equation and the calculator has a command for finding exact solution of well-behaved 1st
and 2nd order equations.

We graph this exact solution, comparing it with the Euler solution. We come back with a plot step of
0.1 for the numerical solution since it will help us see clearly the difference between the 2 solutions:
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Picard’s iterations

Let’s recall that given the differential equation %: f(x, y) subject to the initial condition
X

X

¥(Xo) = Yo the formula for Picard’s iterations is y,,; (X) = yo + J' f(t,y,(t))dt.

In our example we have f(x,y)=y-(4-y), X, =0 and y, =0.2.
On the left screen, we first store the function f (x, y), and then we prepare to get the iterations. On the
right screen we press ENTER several times to iterate this formula.

m 1.2 L *Unsaved —
Axy):=y- [43) Done x 0.76 x+0.2 [
02+ | Aty de—y
y:=0.2 02 Uﬁ' i
x 0.76 x+0 2 "
2 I _|\| V) - .
0.2+ | Atyl di-) 0.2+ | Atype=t) deoy
o0 > 4
Jo
Lofx, -0.192533 x> +1.368 x240.76 x+0.2
0.2+ | fleype=q de sy 1192533 x~+1.368' x“+0.76° x+0.2
J0 v ! v
4/99 [ 5/99

Our goal is to graph an approximate polynomial solution (see the right screen below). We chose
Picard’s 3rd iteration which is a 7th degree polynomial.
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Looking at this last graph, we see that, as expected, the polynomial solution does a good job near x =0
but is much in error when the x-value grows greater than 1.

Table of values

We now want to compare the numerical values obtained by these different methods. That’s why we use
a table of values :

X [f160:= v 200 YDE1.yl_.¥

4 *e™M4*0/(. -0,005295.. interpolate(x |

0.5 112002 1.05128  0.925589

0.75. 205555  1.87151 1.73505

0 0.2 0.2 0.2 4
025 0.500644 0.495147 0.442041 i

1. 2.96737 2.85069 2.71611 -
[4[*]
The first column gives the exact (6 digits) values of the solution, so that y (1) = 2.96737 ; the second

column is the Picard’s 3rd iteration : 2.85069, and the third column gives the value obtained by Euler,
using a step size of 0.1 : 2.71611.

There is another numerical method we can use, which is far better than Euler, and this is the special
version of the Runge-Kutta method implemented in TI1-Nspire (a 3rd order adaptive step version). As
we can see below, if we change the solution method to “Runge-Kutta” in the “Differential Equation
Settings” window, the values in the 3rd column of our table will change. We see below that the

estimated value for y(1), by Runge-Kutta, is the same as the exact solution when values are rounded
up two decimals. When rounding up to 3 decimals, the difference between the 2 values is only 0.001.

Thus we observe a good improvement in the numerical solution and we notice that the graph obtained
with this method is very close to the one of the exact solution!
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I1. Newton’s law of cooling, using a temperature probe

Here is a classic example of an application of 1st order differential equations in real life; we want to
analyze the temperature of a liquid that is cooling down.

Newton’s law states that this situation will be modeled by the equation ?j—-[ =k .(T —TE) , Where T is

the temperature of the liquid, T is the ambient temperature (supposed constant) and K is a parameter

depending on the environment of the experience. The solution is T (t) =Tg+C -t where C is the
difference between initial temperature and ambient temperature.

With the new TI-Nspire CX CAS, we can get real experimental data in the calculator using a
temperature-probe. Knowing the ambient temperature, we will use two of the observations to get the
theoretical solution and see how it compares to the data collected.

Here is the experiment. We took temperatures of water cooling, from 100°C. You can see on the picture
the test tube filled with hot water, the probe connected to a calculator and a fan to keep ambient
temperature constant. We set the calculator to take a temperature reading every 30 seconds, for 15
minutes.



The results are shown below. As we can see, we started a little late; water had already cooled below
95°C. The ambient temperature was 24.0 °C.

Temperature (°C)

On the left we have the temperature every 30 seconds. On the right, the points are some of these values
(about 1 over 4), and the software automatically connects them.



We need 2 observations to determine the parameters C and k in the expression of temperature
T (t)=24+C-e"".

To find these values, we solve a system of 2 equations. Let’s take data at t = 0 and 900 seconds. This is
an arbitrary choice, we could choose other points which would give us similar, but not necessarily the
exact same values for C and k.

We work with time in minutes instead of seconds, so that k is not too small. We have, taking tr for

temperature: tr(0)=92.4 and tr(15)=35.8.

rﬁ:f:]:=r:-ek'r+24 Done |
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Thus we find thattr (t) = 24 +68.4-e **"°%" This is the solution according to the theoretical model.

We use this function to check whether it gives the results we had obtained by experiment at 300, 600
and 30 seconds.
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We see that the results are quite satisfying, the theoretical solution giving values near what was
observed.

It is important, while we do the experiment, not to move or touch the recipient and we need to have a
fan to insure a constant temperature for the surrounding environment. Look at the curve below. It



represents the results of another experiment we had done earlier where we had moved the probe, and
touched the sides of the recipient with it while having no fan.

@ Températ. ..
81.1°C
&)
e
et
=
o
g
O,
=
@
=
——_ 80.0
-_ 0 Temps (s) 180.0

I11. Second order equations
A- Undetermined coefficients

. _d? _d
Let’s consider the equation —2y+ 2—y
dt dt
We want our students to solve this equation by the method of undetermined coefficients. We show
them how their CAS calculators can help in doing some parts of the solution.

+5y =61sin(9t).

First they have find the roots of the characteristic polynomial and write the homogeneous solution.
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©This is the homogeneous solutionl =




They then write the candidate for the particular solution, this candidate is Asin(9t)+ B cos(9t). Now,

the problem is to find the values of A and B so that this candidate gives a solution when substituted in
the differential equation.

They can substitute it in the equation using the operator op( ) we have shown them to automate this
substitution, and then solve the resulting system of equations.
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Thus they obtain the general solution y, = ;—gcos(?,t) —%sin (3t)+ e .(cl cos(2t)+c,sin (2t)) , and
they even can verify that the solution is good by substituting it in the differential equation, using op().
As we saw earlier, we could use a command of the calculator to get the solution in one step. The next

screen shows this but, notice the huge difference between our previous solution and the general
solution obtained with the DeSolve command.

Using the op( ) operator, we can verify that this long solution is indeed a solution of the differential
equation, with a little use of trigonometric identities :
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©The general solution is the sum yh+yp
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B- Variation of parameters (Lagrange method)

d2y

We ask our students to solve the differential equation P 6%+9y =45t*e™" using the method of

variation of parameters.

First they have to find the roots of the characteristic polynomial and write the homogeneous solution :
Yh =€ Up +C, U, . According to this method, a particular solution will be of the form y, =Ly u; + L, Uy,

where L, and L, can be variable (functional) coefficients. They have to find L andL,.

Ll’ U1+ Lz’ UZ =0

The system of equations to solve is
Ll’ Ul’ + Lz’ UZ’ = 45t4 e_3t

They obtain L, and L,’, integrate to find L, and L,, and give the desired solution.

We could ask them to do all this by manual calculation (classic textbook approach) but let’s get a little
help from the CAS calculator.

10
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We could give them a direct formula to get this result but we prefer a step by step approach.
We made a program with Nspire to test these results, even if students make a mistake, for example if

they take the wrong homogeneous solution. This program outputs the intermediate steps we want to see
in the students’ solution.

11
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If they make a mistake in finding the homogeneous solution, for example if they forget the middle term

e
dt

, they will have y,, = ¢, cos(3t)+c,sin(3t) and their particular solution will not be good either,

but we still can easily grade their solutions.
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V. Mass-spring system

The harmonic motion is often modeled

L

/+

with a mass-spring system, as we see in this picture :

L L LA

An object of mass m is hanging at the
end of a spring.

We set an x-axis such that x=0 at
rest, and x is positive when the spring
is stretched.

—+
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Let’s take a mass-spring system that leads to the equation

X" +2x'+26x=26(t-3)+25(t-5), x(0)=0, x'(0)=1.
As we saw, X is the position of the mass so that x" is its velocity and x" is its acceleration. And the
Dirac Delta function 5(t - a) could be visualized as hammer blow given on the object at t =a, so that
we have 2 hammer blows, the first-one after 3 seconds, and the second-one after 5 seconds.

We ask our students to solve this differential equation, with Laplace transforms. They are allowed to
use a program they installed on their calculators. This program from Lars Fredericksen was originally
done for the T1-89 and it was named « Laplace ». It has been modified for TI-Nspire by Philippe Fortin
(Lycée Louis Barthou — Pau)?, and re-named « specfunc ». Finally the comments have been translated
in French by Chantal Trottier, and the program received the name of « ETS-specfunc ».

Once they get the solution, we ask them to graph it. This presents some difficulties.

They have to get the solution, then define the function u (t) which is the unit-step function (Heaviside

function); itsvalue isO ift<0, and 1 if t > 0. They don’t want this function to be understood by the
calculator when they use this program, so they will have to delete it after use. Or they could create a
permanent Heaviside function in step(t) and replace in the output solution all occurrences of the

function u(t) by step(t).
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2-e sin|5-7—15]-ult 3JI+2 e sin|5-1—25]-ult 5}+e sin|5-1])-ult)
5 5
o 0,1{0 Done
ult):=
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2 Philippe is a very good contributor to this website in France : http://www.univers-ti-nspire.com/
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It remains only to graph it, and to answer some questions to demonstrate their comprehension, such as
« Is the object going down or up when the first hammer blow occurs? » « And the second? », « What is

the greatest distance from equilibrium, when does the object reach it, and is the spring stretched or
compressed at that point? »
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X
hammer | / \ f 4
[ 3,0.006) hammer l'

\ f (5,-0.03) \
\/

Minimum ( 3.9,-0.157 J
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These were some examples of how we can benefit from the use of CAS technology when teaching a
basic course in differential equations. We still teach the classic topics using a paper and pencil

approach for simple problem. We then show how technology can be used to aid in long and tedious
computations. This gives us time to explore even more mathematics with students.
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